Abstract-Spatially modulated ultrasound radiation force (SMURF) imaging is an elastographic technique that involves generating a radiation force beam with a lateral intensity variation of a defined spatial frequency. This results in a shear wave of known wavelength. By using the displacements induced by the shear wave and standard Doppler or speckletracking methods, the shear wave frequency, and thus material shear modulus, is estimated. In addition to generating a pushing beam pattern with a specified lateral intensity variation, it is generally desirable to induce larger displacements so that the displacement data signal-to-noise ratio is higher. We provide an analysis of two beam forming methods for generating SMURF in an elastic material: the focal Fraunhofer and intersecting plane wave methods. Both techniques generate beams with a defined spatial frequency. However, as a result of the trade-offs associated with each technique, the peak acoustic intensity outputs in the region of interest differs for the same combinations of parameters (e.g., the focal depth, the width of the area of interest, and ultrasonic attenuation coefficient). Assuming limited transducer drive voltage, we provide a decision plot to determine which of the two techniques yields the greater pushing force for a specific configuration.
I. Introduction M ethods for examining and imaging tissue stiffness are widely studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In acoustic radiation force imaging techniques, high-intensity ultrasound pulses are applied for a short duration (<1 ms) to a region of interest (roI) [5] , [9] . a transfer of momentum from an ultrasonic pressure wave to the tissue creates a radiation force that results in the displacement of the material. These displacements are on the order of <40 μm [11] [12] [13] . Because stiffer materials tend to be displaced less than softer materials, the relative displacements of the interrogated points within the medium are used to create a map related to stiffness. This is diagnostically relevant because many disease processes are characterized by changes in tissue stiffness. Imaging techniques that create maps of tissue stiffness can thus provide important information about the health of the tissue.
The shear modulus of various tissues spans a wide range (10 3 to 10 7 Pa) and shows a greater contrast than the bulk modulus [5] . shear modulus is thus useful in differentiating between tissue types, as well as between healthy and diseased tissues. studies [14] [15] [16] [17] have shown that there is a correlation between the disease state and tissue shear modulus. carstensen et al. compiled data collected by several groups that shows a correlation between the degree of liver fibrosis and the liver shear modulus [18] .
In contrast to other methods that apply a known vibration frequency and then attempt to estimate the wavelength of the resulting shear wave, spatially modulated ultrasound radiation force (sMUrF) imaging [10] is an elastographic technique that generates a shear wave of a known wavelength, λ, and then measures the frequency, f, of the wave to calculate the tissue shear modulus, G. The shear modulus for a linear, elastic material is given by
where ρ is the density for soft tissue and is assumed to be 1000 kg/m 3 . an impulsive (less than 50 μs), high-intensity acoustic pulse with a desired spatially varying magnitude is applied to the tissue. such an impulse results in the generation of shear waves that propagate from the region of excitation. The spatial frequency of the intensity pattern, and thus force variation, is set equal to the desired spatial frequency (k) of the shear wave to be generated. The tissue motion is tracked by acquiring echoes along a single a-line. The temporal frequency of the resulting motion is estimated using displacement estimation techniques. The shear wave's wavelength and temporal frequency are then used to calculate the shear wave speed, and thus shear modulus. one advantage of using this sMUrF method to measure shear modulus is that tracking the tissue motion in a single location reduces speckle-induced bias in phase estimates because constant phase errors are canceled out [19] , [20] .
To induce a shear wave of known wavelength in the tissue, the ideal pushing force would have a well-defined spatial frequency. In addition, the pushing force would have to be localized to the roI. We present two methods that can be used to generate this spatial acoustic intensity variation, namely, the focal Fraunhofer (FF) and intersecting plane wave (IP) methods. We present an analysis indicating which beam-forming technique generates maximum acoustic intensity in the roI for limited transducer element drive power. The analysis includes parameters of focal length and the lateral width of the region of excitation. selecting the intensity-maximizing configuration ensures that we maximize the tissue displacement and, hence, the snr of the displacement estimates. In section II, we provide the theoretical development of the ultrasound intensity fields associated with both methods and illustrate their spatial configurations. In section III, we explain the simulation setup used to characterize and determine the thresholds between the methods. section IV presents the simulation results and the decision plot indicating which method to use for a specific roI width and depth. Finally, we provide further insight into the mechanisms at work and the implications of our results.
II. Theory
In an absorbing medium, under plane wave or weakly focused conditions, the radiation force at a given depth, z and ultrasound intensity, I(x, y) are related by [21] 
where F is the spatially and temporally modulated body force in newtons per cubic meter, α is the attenuation coefficient of the medium in nepers per meter, c is the speed of sound in the medium in meters per second, and I is the intensity of the beam in watts per square meter. assuming that the attenuation coefficient and the speed of sound in the medium are constant, we can achieve the desired forcing function by manipulating ultrasound beams to create a spatially varying intensity pattern. In sMUrF imaging, the radiation force is shaped by varying the applied ultrasound intensity as a function of the lateral coordinate. The spatial frequency (k) of the intensity pattern, and thus force variation, is set equal to the desired spatial frequency of the shear wave to be generated (k = 2π/λ).
The ideal spatially modulated push force would be well localized in space, to provide spatial resolution, and have a well-defined spatial frequency, so that the shear wave frequency may be readily measured. In this work, a Gaussian-enveloped sinusoidal variation in intensity has been selected as the desired model for the lateral intensity pattern. spatial resolution and purity of spatial frequency may be traded off by varying the width of the Gaussian envelope. Both methods proposed here will generate lateral beam profiles conforming to this model.
Field II [22] , an acoustic field simulator tool, is used to simulate the beams as generated by a linear array similar to a siemens VF 7-3 ultrasound transducer (siemens aG, Munich, Germany). Field II is used in this work to confirm that for a desired roI pattern, the calculated input parameters used in the transducer apodization and delay profiles result in the expected pattern. It is also used in comparing the relative ultrasound intensity generated at the roI by both methods for various combinations of the roI focal depth and width. The simulator is linear, and scaling the impulse response results in an equivalent scaling of the measured amplitudes. consequently, it is sufficient to normalize the apodizations and thus constrain the drive voltage before performing the roI intensity comparison of the two methods. We have also shown in previous work [23] that the tracked shear waves generated in phantoms using sMUrF methods are in agreement with the corresponding patterns simulated with FIEld II. We explore further which method is more effective in terms of relative ultrasound intensity at the focus for different combinations of parameters such as the depth of the focal region, the width of the desired pushing region, and the transducer center frequency.
A. Focal Fraunhofer Method
The FF method relies on the fact that lateral pressure distribution within the focal zone (see Fig. 1 ) is determined by the Fourier transform of the transducer's apodization function and can thus be written as [10] 
and v 0 is the peak velocity amplitude of the transducer; k l , c, and λ l are the wave number, the sound speed, and the wavelength of the longitudinal wave, respectively. again, the ideal pushing force (and hence intensity pattern) should be well localized to maximize the energy deposition at the roI. It should also have a well defined spatial frequency so that the resulting shear wave has a known wavelength. a sinusoidal pressure distribution limited in its lateral extent resembles such a pattern. Based on the Fourier transform relationship, the apodization that guarantees a sinusoidal pressure distribution with equally spaced peaks at the focal zone, in theory, consists of a pair of impulses. However, because it is not possible to create perfect impulses with the transducer elements and the applied force is to be confined laterally, the apodization function consists instead of a pair of narrow Gaussian functions. our model pushing pulse is thus a Gaussianweighted sinusoid of the desired spatial frequency.
The function describing the apodization and delay profiles to be applied to the transducer elements can be represented by the expression
where x 0 is the lateral distance at the transducer face (z = 0), M(x 0 ) represents the magnitude of the apodization, and ϕ(x 0 ) contains the phase information. 
where Δ is the distance from the center of the Gaussian function to the center of the transducer face and σ a is the spread of the Gaussian function. The phases of the elements are determined geometrically. With the lateral pressure variation shown in (2), the intensity at the region of interest is found to be (see [10] )
Δ is found to be
where c l is the longitudinal speed of sound, f 0 is the transducer center frequency, and λ s is the desired shear wavelength. as indicated by (8), the spatial frequency of the pressure distribution can be controlled by the distance between the peaks of the two Gaussians in the apodization profile. The widths of the beams at the aperture are represented by the spread of the Gaussians (σ a ) and the width of the roI is represented by the spread of its Gaussian envelope (σ f ). The width of the pushing region is controlled by the widths of the two Gaussians in the apodization profile. The relationship between the width of the beams at the transducer (apodization profile) and that of the desired spatial pattern is found to be
For a given focal depth and limited drive voltage, the energy at the focus is proportional to the effective aperture width, represented by σ f . If the desired focal width is large, the widths of the apodized beams at the transducer must be narrow because of the inverse Fourier relationship between the apodization and the lateral intensity variation in the far-field. narrowing the width of the apodization beams at the transducer implies that the energy at the focus will decrease accordingly.
B. Intersecting Plane Wave Method
a spatially modulated function can also be generated by the interference pattern of two intersecting planar waves. The pressure caused by the interference of the two plane waves propagating at angles ±θ to the z-axis, can be expressed by
where f l and k l are the frequency and wave number of the ultrasound wave. By using the appropriate trigonometric identities, the expression for the lateral pressure distribution can be rewritten as
where the spatial frequency of the lateral pressure variation is given by k,
and the intensity is
The wavenumber of the induced shear wave, k s , is thus
consequently, the angle, θ, required to result in the desired spatial variation must then be
Given that we have a finite aperture and the roI is to be limited in its lateral extent, two unfocused Gaussian beams are used to approximate the planar wave fronts. The function describing the apodization and delay profiles to be applied to the transducer elements can be represented by the expression: 
,
where x 0 is the lateral distance at the transducer face (z = 0), Δ is the distance from the center of the Gaussian function to the center of the transducer face, and σ a is the spread of the Gaussian function. The complex function A(x 0 ) is a Gaussian-modulated version of the equation of two forward-traveling plane waves at an angle.
Gaussian beams are of particular interest because they maintain a Gaussian profile everywhere in the field of propagation [24] . The shape of a propagating Gaussian beam is represented by the hyperbolic profile shown in Fig. 2(a) .
let W(z) represent the width of the beam, where the pressure amplitude is reduced by 4.3 dB (i.e., e −1 ), from the on-axis value. It is represented mathematically as
where
and the radius of curvature R(z) of a wave front in the beam is given by
where z 0 is the rayleigh distance and z f is the focal distance. The width of the waist is W 0 . By observing (17) and (18), we can see that, first, the rayleigh distance is directly proportional to the square of the beam width at the waist. second, near the waist, i.e., for |z − z f | < z 0 , W(z) can be approximated by W 0 . In other words, in this region, the beam diverges slowly. Further from the waist (|z − z f | ≫ z 0 ), the beam width increases proportionally with distance and can be approximated as W(z) ≈ (λ/ (πW 0 ))(z − z f ). note that the larger the waist, the slower the divergence of the beam profile, and the greater the region over which the plane wave approximation holds. also, from (19) , for |z − z f | ≫ z 0 (far from the beam waist), the wave front radius asymptotically approaches z and is approximated as a spherical wave. near the waist however, the wave front radius is very large compared with the beam width W(z) and the beam can thus be approximated as a plane wave (infinite radius) with a Gaussian lateral profile. Based on these relationships, one can determine the Gaussian apodization that would be required for a desired roI width.
The spatial frequency at the focus is determined by the angle at which the beams intersect. Knowing the longitudinal wavelength and the desired shear wavelength, θ is first determined by using (15) .
From Fig. 2(b) ,
The distance from the center of the beam profiles to the center of the transducer, Δ, depends on the focal depth, because θ is kept constant. recall that the apodization consists of two Gaussians separated by a distance of 2Δ. The delay profile is such that the waves propagate at an angle so that the pattern is generated by a constructive and destructive interference at the focus. The resulting pattern also has a Gaussian profile. The widths of the beams at the aperture are thus represented by the spread, σ a , of the Gaussians. The width of the roI is also represented by the spread of its Gaussian envelope, σ f . The relationship between the width of the beams at the transducer (apodization profile) and the desired spatial pattern is found to be
where p = (2zλ 0 )/π, λ 0 is the transducer wavelength, and z is the focal depth. Eq. (21) indicates that there are two possible apodization widths (σ a ) that would result in an roI of a desired width (σ f ). However, the solution that is more consistent with the plane wave assumption, and is likely to produce a greater acoustic intensity at the roI, is the one that requires a wider Gaussian apodization (see Fig. 3 ). That is,
note that there will be combinations of focal depths (z) and roI beam widths (σ f ) that will result in a non-real number for the spread of the Gaussian apodization (σ a ). For these cases, the focal Fraunhofer will automatically be the method of choice (see Fig. 4 ).
III. Methods

A. Simulation of the SMURF Pattern
a linear array similar to a siemens VF7-3 ultrasound transducer was simulated. The transducer has 192 elements with a pitch of 0.2 mm, a height of 7.5 mm, and an elevation focus of 3.75 cm. The pushing pulse length is 100 cycles and falls in the typical range used in practice. The signal was sampled at 100 MHz.
Both methods of beam formation were simulated using Field II with no attenuation. The shape of the intensity pattern was similar for different levels of attenuation; however, because no energy is lost in the near field in this case, it was used in subsequent figures to portray the similarities and the differences in the FF and IP methods as a function of the focal depth and the width of the roI. The speed of sound in tissue and the density of tissue were assumed to be 1540 m/s and 1000 kg/m 3 , respectively. delay and apodization values for each simulated transducer element were calculated according to equations shown in the previous section. apodization and delay profiles were determined for each configuration with roI depths ranging from 1 to 10 cm and roI widths ranging from 1 to 20 mm. The peak acoustic intensity at the roI was simulated for each configuration.
For the FF method, (8) and (9) are first used to calculate the width of the Gaussian apodization (σ a ) and their lateral offset (Δ). The magnitude of the apodization that is applied across the simulated transducer elements is determined using The delay is calculated geometrically with the elements closest to the roI depth, given the longest delay (τ )
where r(x 0 ) is the distance from transducer element to the roI focal depth. The width of the Gaussian apodization as a function of the roI lateral width at a fixed roI depth of 5 cm. This is an illustration of the solutions to (6) and (17) . The intersecting plane wave method has two possible solutions for creating an roI of a particular width. The larger of the two is more desirable. Fig. 4 . combinations of the roI focal depth and width for which the solution for the intersecting plane wave aperture width is not real. The darker portion (bottom-right) indicates the cases where the solution is not real. In these cases, the focal Fraunhofer method is to be used.
For the IP method, the desired spatial frequency is dependent on the longitudinal wavelength and the angle at which the beams intersect. The required angle is determined using (15) , and this, in turn, is used to find the lateral offset (Δ) of the Gaussian apodization needed to create the roI at greater depths. The width of the Gaussian apodization is calculated using (21) . The magnitude of the apodization that is applied across the simulated transducer elements is then calculated by The phase and the delay of the elements are calculated using 
B. Generating the Decision Plot
The decision plot is a representation of which of the two methods is more efficient for different roI focal depth and width choices at a fixed transducer frequency. To generate this, two matrices are created: one for the FF method and the other for the IP method. The rows represent the roI widths and the columns represent the roI focal depth. The intensity at the focal point in the roI is measured for each combination of roI focal depth and width, and entered into the matrices. The intensities in both matrices are then compared cell-by-cell, and the comparison is rendered as an image showing which method resulted in a greater intensity.
In addition, realizing that there are combinations of focal depths and roI beam widths that will result in a non-real number for the spread of the Gaussian apodization (21), these cases are determined and considered to be regions of the decision plot where the FF method will automatically be the method of choice. By combining both results, the ultimate threshold plot is determined.
IV. results
A. Apodization and Delay Profiles as a Function of Focal Depth
The apodization and delay profiles for several focal depths for both the FF and the IP methods are depicted in Figs. 5 and 6. The width of the roI and other parameters are kept constant. The width (spread) of the apodization profiles serve to indicate the effective width of the aperture needed to create the beam pattern at a specific focal depth, spatial frequency, and roI width. The delay profiles show the necessary degree of beam steering. note that the delay profiles do not vary as much in the case of the IP method as they do in the FF method.
B. Apodization and Delay Profiles as a Function of Desired ROI Beam Width
The apodization and delay profiles as a function of roI width for both the FF and the IP methods are depicted in Figs. 7 and 8 . The roI depth is kept constant at 2 cm. all other parameters are kept constant as well. In the FF case (Fig. 7) , the widths of the beams at the transducer decrease as the width of the pushing region increases. This is contrast with the IP method (Fig. 8) for which the widths of the beams at the transducer increase as the width of the pushing region increases. comparing Figs. 7 and 8, we can see that the IP method uses more elements than the FF method for the cases shown.
C. Intensity at the ROI as a Function of the Desired ROI Depth and Width
To investigate the relative amount of pushing energy each method generated for a given roI width and focal depth, the intensity at the roI using each method is determined and plotted. depending on the desired roI width and depth, one can decide which method to use to generate a greater pushing force. Figs. 9(a) and 9(b) depict the relative peak intensity levels at the roI for an ultrasonic attenuation of 0.5 dB/cm/MHz and a transducer frequency of 5.33 MHz. The darkened region at the bottom-right of Fig. 9(b) represents the cases in which the calculated aperture width for the IP method is found to be a non-real number, so that the FF method automatically becomes the method of choice. The intensities have been normalized relative to the maximum of the intensity value from both methods, so that both plots use the same scale. Fig. 9 shows that the intensities for most of the roI depth and width combinations using the IP method are greater than those using the FF method.
D. Effect of Frequency on the Decision Plots
From the expressions of the beam widths at the aperture, (9) and (22), we expect the apodizations for both methods to be influenced by the transducer frequency (or wavelength). Fig. 10 portrays the effects of the transducer frequency on the decision plots. The region below each line represents the combinations of roI depths and widths for which the FF method should be used. These results indicate that the FF method becomes more favorable for lower transducer frequencies.
V. discussion
The FF and IP methods are two ways that a shear wave with a localized spatial acoustic intensity variation can The use of fewer transducer elements implies a smaller pushing force at the roI. The lateral intensity profiles at the roI focal depth are plotted in the third column. note the decrease in intensity with increasing width. superimposed on the lateral profiles is a Gaussian of the specified roI width (spread) which indicates that the intensity field is localized to the roI. Fig. 8 . Intersecting plane wave method: plots of the transducer apodization and delay profiles for roI of different beam widths. The desired width of the region of interest increases from top to bottom. The apodization profiles show that wider roIs require more transducer elements to be employed. The lateral intensity profiles at the roI focal depth are plotted in the third column. note the decrease in intensity with increasing width. superimposed on the lateral profiles is a Gaussian of the specified roI width (spread) which indicates that the intensity field is localized to the roI. be generated. However, the peak intensity in the roI associated with the methods differ for the same focal depth, roI width, and transducer frequency. consequently, we attempt to determine which method is more efficient for a specific set of parameters to maximize the pushing force, and thus displacement snr.
Because the spread of the Gaussian envelope at the roI is characterized by the spread widths of the beams at the aperture, the width of the roI is a function of the widths of the Gaussian beams in the apodization. For the FF method, the spread of the Gaussian apodization is inversely proportional to the spread of the Gaussian envelope at the roI and the focal depth. The FF configuration is such that for wide pushing regions (high σ f values), the transducer elements must have two very narrow Gaussians in the applied apodization. This is because the lateral pressure distribution at the focal Fraunhofer zone is determined by the Fourier transform of the apodization profile at the transducer. The apodization profiles in Fig. 7 show this relationship. This implies that the width of the roI will ultimately be limited by the size of the individual transducer elements. The roI depth is set by geometrically focusing the beam, with wider beams required to maintain the same roI width at greater depths. For the IP method, on the other hand, the spread of the Gaussian apodization is directly proportional to the spread of the Gaussian envelope at the roI. The intent is to create a beam that is collimated so that it closely approximates the plane wave assumption. Based on Kino's analysis of a Gaussian beam profile, the implication is that the width of the Gaussian apodization will be close to the value of the roI width, and the roI width will thus be constrained by the overall aperture width [24] . as expected, the results indicate that there is a trade-off between the two techniques. Figs. 9(a) and 9(b) show that there are certain roI widths and focal depths at which one method generates a greater acoustic output at the focus. For sMUrF imaging with a 5.33-MHz transducer and a shear wavelength chosen to be about 1 mm, the figures show that the IP method is generally the more effective of the two.
In deciding which method to use, however, there is an additional component that must be considered. In the case of the IP method, the solution for the width of the Gaussian apodization that is required for a given roI width and focal depth is limited in its application because of diffraction. as previously mentioned, there are two ways to Fig. 9 . Images of intensity at the roI as a function of roI (a) depth and (b) width for both the focal Fraunhofer (FF) and intersecting plane wave (IP) methods. The images show which method results in a greater acoustic intensity at the focus (and thus greater pushing energy) for a specified focal depth and roI sigma (lateral width). For cases in which the calculated aperture width for the IP method is found to be a nonreal number, the FF method is automatically the method of choice. Both plots are on the same scale. produce an roI with a particular lateral width at a fixed depth [ Fig. 3(a) ]. In one case, the apodization width is smaller than the roI width. Here, the rayleigh distance is shorter and the beam diverges faster. The implication is that the rayleigh distance falls short of the roI and the intersecting waves at the roI are more spherical than planar. In the other case, the apodization width is approximately equal to the width of roI. Here the rayleigh distance is farther and the beam diverges slowly. The implication is that the rayleigh distance falls past the roI, and the intersecting waves at the roI are collimated and consistent with a plane wave assumption. The limitation of using this model is thus that the roI cannot be both narrow and far away from the aperture while maintaining a plane wave assumption. Mathematically, this is represented by the solutions to (22) that result in a non-real number, and is portrayed by the discontinuity in the plot relating the apodization width and the roI width at a particular depth [ Fig. 3(b) ]. For these cases, the FF method must be used. The results indicated that this is the overarching determinant of the decision plot (Figs. 4  and 9 ).
Besides the focal depth and the width of the region of interest, the other parameter that affects the decision to select one method over another, is the transducer center frequency. Fig. 10 shows that the decision plot shifts in favor of using the FF method for lower transducer frequencies. When all else is equal, higher element utilization is expected to generate a greater acoustic intensity, and thus greater pushing force at the roI. The spread of the Gaussian apodization is a nonlinear function of the transducer frequency for the IP method, but is inversely proportional to the transducer frequency for the FF method. From (6) and (21) , a decrease in the transducer frequency would result in an increase in the spread of the Gaussian apodization for the FF method, but a decrease for the IP method. The employment of more elements is one of the likely causes for the shift of the decision plot in favor of the FF method.
although the choice of the FF or IP method is independent of the shear wavelength, the choice of shear wavelength is important for a few reasons. assuming that the number of shear wave peaks is kept constant, increasing the spatial frequency will result in a higher spatial resolution. Thus, if there are spatial details of interest within the region to be interrogated, using a higher spatial frequency will be beneficial. If, however, the goal is to determine the average shear modulus of an area, using a smaller spatial frequency (larger shear wavelength) will be more efficient. There are also certain constraints to keep in mind. If the shear wavelength is too large, the farther peaks will be significantly attenuated before arriving at the tracking location. This reduces the snr of the displacement data and could affect the shear modulus estimate. If the shear wavelength is too small, it could become harder to distinguish the arrival of one peak of the wave from the next, because there is a limitation on the size of the elements in the aperture and on the PrF of the tracking pulses. The accuracy of the wave frequency, and thus the shear modulus estimate, would be affected negatively. In addition, if the material is viscoelastic, there will be a frequency-dependent attenuation of the induced shear wave. The result is that shear waves with a higher spatial frequency will be attenuated more and this could lead to a reduction in the snr of the displacement data. From the work done in our lab, we have found a shear wavelength between 1 and 2 mm to be adequate [19] , [20] .
VI. conclusion
We have presented two methods for generating a spatial acoustic intensity variation, the FF and IP methods. We analyzed and determined which beam-forming technique is better for a specified set of parameters including, the focal length, the lateral width of the region of excitation and the transducer frequency. selecting the better of the two configurations ensures that the available energy is used efficiently and that the tissue displacement and snr are maximized.
The two methods exhibited differing trends in peak intensity and aperture utilization for the same roI specifications. By estimating the appropriate aperture apodization and delays required, as well as the intensity at the roI, we have shown a way to select the method that is more efficient for different combinations of roI depths and widths, assuming limited transducer drive voltage. The results indicate that the IP method is generally the more effective of the two, but the FF method is more effective for configurations in which the roI is located deeper and is narrower in its lateral extent. references
